Abstract. Two Morley-Wang-Xu element methods with penalty for the fourth order elliptic singular perturbation problem are proposed in this paper, including the interior penalty MorleyWang-Xu element method and the super penalty Morley-Wang-Xu element method. The key idea in designing these two methods is combining the Morley-Wang-Xu element and penalty formulation for the Laplace operator. Robust a priori error estimates are derived under minimal regularity assumptions on the exact solution by means of some established a posteriori error estimates. Finally, we present some numerical results to demonstrate the theoretical estimates.
1. Introduction. Assume that Ω ⊂ R d with d = 2, 3 is a bounded polytope. Let f ∈ L 2 (Ω), then the fourth order elliptic singular perturbation problem is to find u ∈ H 2 0 (Ω) satisfying
where n is the unit outward normal to ∂Ω, and ε is a real small and positive parameter. Problem (1.1) models the thin buckling plates with u being the displacement in two dimensions [24] . It can also be viewed as a simplification of the stationary Cahn-Hilliard equation in three dimensions [39] and the linearization of the vanishing moment method for the fully nonlinear Monge-Ampère equation [6] . The variational formulation of problem (1.1) is to find u ∈ H with (·, ·) being the L 2 inner product over Ω. The H 2 -conforming finite elements are suitable to discretize the fourth order operator and the second order operator in problem (1.1) simultaneously [41] , such as the Argyris element [2] and its three-dimensional counterpart [55] , Hsieh-Clough-Toucher element [19] . However the H 2 -conforming finite elements require higher degree polynomials or macroelement techniques which are completely not necessary since the boundary layers of problem (1.1) (cf. [38, section 5] ). To this end, nonconforming finite element methods are more popular for the fourth order elliptic singular perturbation problem. To be specific, many H 2 -nonconforming elements which are H 1 -conforming have been constructed for problem (1.1) in [38, 43, 30, 45, 15, 14, 54, 16, 48, 49] . And several H 1 -nonconforming elements for problem (1.1) were studied in [18, 17, 45] . In [8] , the C 0 interior penalty discontinuous Galerkin (IPDG) method was devised for problem (1.1) . With the help of some a posteriori error estimates, the authors analyzed the C 0 IPDG method under minimal regularity assumptions. And the C 0 IPDG method was reanalyzed for a layer-adapted mesh in [25] . As a matter of fact, any other discontinuous Galerkin methods for the fourth order elliptic problem [23, 53, 31, 34, 32, 35, 1, 33, 5, 37, 42, 7, 26] can be used to design robust discretizations for problem (1.1).
It is well-known that the Morley-Wang-Xu [36, 50] element has the fewest number of degrees of freedom on each element among the existing conforming and nonconforming finite elements for the fourth order problems. Unfortunately, it has been proved and demonstrated in [38, 46] that the Morley element method is divergent for general second order elliptic problems, which indicates that it is also divergent for problem (1.1) as ε → 0 (cf. [38, Table 1] ). To deal with the divergence of the Morley-Wang-Xu element for the Laplace operator, Wang and his collaborators modified the bilinear formulation corresponding to the Laplace operator by introducing an interpolation operator [52, 47] . The resulting discrete method possessed the sharp half-order convergence rate for the general values of ε, however, which was a lower order convergent finite element method for Poisson equation when ε = 0. The modified Morley-Wang-Xu method in [52, 47] was proved to be robust with respect to the parameter ε.
In this paper, we present two Morley-Wang-Xu element methods with penalty for the fourth order elliptic singular perturbation problem (1.1). In consideration of the simplicity of the Morley-Wang-Xu element, we still use the Morley-Wang-Xu element to discretize problem (1.1) as in [52, 47] . Instead of introducing the interpolation operator, the interior penalty discontinuous Galerkin (IPDG) formulation [3] is adopted to dispose of the Laplace operator in our first method. The consistency of the Morley-Wang-Xu element method for the Laplace operator is overcame by the IPDG formulation. Then in order to simplify the discrete bilinear formulation, we use the super penalty discontinuous Galerkin formulation [5, 13] to approximate the bilinear formulation b(·, ·) in the second method. The discrete bilinear formulation of the super penalty Morley-Wang-Xu element method has only one more term than the continuous bilinear formulation b(·, ·), i.e. the super penalty term
It's worth mentioning that both two Morley-Wang-Xu element methods with penalty in this paper can be generalized to any dimensions.
Borrowing the ideas in [29, 28, 8] , we first establish some local lower bound estimates of a posteriori error analysis, based on which the a priori error estimates are derived under minimal regularity assumptions on the exact solution. To the best of our knowledge, there are few works on the a posteriori error estimates for the fourth order elliptic singular perturbation problem in the literatures. Reliable and efficient a posteriori error estimators were constructed for the nonconforming finite element methods in [56] . And some local lower bound estimates of a posteriori error analysis were proved for the C 0 IPDG method in [8] . Recently, robust residual-based a posteriori estimators were developed for Ciarlet-Raviart mixed finite element method in [22] .
The influence of the boundary layers of problem (1.1) is also considered in the a priori error estimates for the interior penalty Morley-Wang-Xu element method in this paper. Both the Morley-Wang-Xu element methods with penalty converge uniformly with respect to the parameter ε. In consideration of the boundary layers, the robust and sharp half-order convergence rate of the interior penalty Morley-Wang-Xu element method is achieved for the general values of ε. And we improve the convergence rate in the following two cases: (1) the parameter ε is bounded both from above and below by positive constants independent of the mesh size h; (2) ε h γ with γ > 1. The rest of this paper is organized as follows. In Section 2, we provide some notations and the description of the Morley-Wang-Xu element. The interior penalty Morley-Wang-Xu element method and the super penalty Morley-Wang-Xu element method are presented and analyzed in Section 3 and Section 4 respectively. Some numerical results are provided in Section 5. Suppose the domain Ω is subdivided by a family of shape regular simplicial grids T h (cf. [11, 19] ) with h := max For any F ∈ F h , denote by h F its diameter and fix a unit normal vector n F . For each K ∈ T h , denote by n K the unit outward normal to ∂K. Without causing any confusion, we will abbreviate n K as n for simplicity. Set for any face
Discrete differential operators ∇ h is defined as the elementwise counterpart of ∇ with respect to T h . Throughout this paper, we also use " · · · " to mean that "≤ C · · · ", where C is a generic positive constant independent of h and the parameter ε, which may take different values at different appearances. Moreover, we introduce averages and jumps on d − 1 dimensional faces as in [31] . Consider two adjacent simplices K + and K − sharing an interior face F . Denote by n + and n − the unit outward normals to the common face F of the simplices K + and K − , respectively. For a scalar-valued function v, write v + := v| K + and v − := v| K − . Then define the average and jump on F as follows:
On a face F lying on the boundary ∂Ω, the above terms are defined by
Define two sets by
, and for j ∈ C 1 and
and p i2 as its vertices. As usual, |F | denotes the measure of a given open set F . With the partition T h , the Morley-Wang-Xu element [50, 36, 51] is defined as follows: for any K ∈ T h , the local shape function space P K is P 2 (K) and the nodal variables are given by (2.1)
Associated with the partition T h , the global Morley-Wang-Xu element space V h consists of all piecewise quadratic functions on T h such that, their integral average over 
3. Interior penalty Morley-Wang-Xu element method. In this section, we will devise an interior penalty Morley-Wang-Xu element method for problem (1.1) by using the interior penalty discontinuous Galerkin formulation to approximate the bilinear formulation corresponding to the Laplace operator.
Set discrete bilinear forms
where σ is a positive real number. Then the interior penalty Morley-Wang-Xu (IPMWX) element method for problem (1.1) is to find u h ∈ V h0 such that
Remark 3.1. Apart form the interior penalty discontinuous Galerkin (IPDG) formulation [13, 12, 4, 40] , many other discontinuous Galerkin formulations [20] can be also used to tackle the divergence of the Morley element for the Laplace operator, such as local discontinuous Galerkin method [21] , compact discontinuous Galerkin method [40] , weakly over-penalized symmetric interior penalty method [10] , etc. Among all of these discontinuous Galerkin methods, the IPDG method is one of the simplest formulations to discretize the Laplace operator, and it possesses the compact stencil in the sense that only the degrees of freedom belonging to neighboring elements are connected.
For any w ∈ H 1 (Ω) + V h , define some discrete norms
It follows from [3] 
when σ is large enough. Hence we have
The wellposedness of the IPMWX method (3.1) follows immediately from (3.2).
To derive the error estimate under minimal regularity of the exact solution u, we first recall some a posteriori error estimates [8] .
Lemma 3.2. Let u ∈ H 2 0 (Ω) be the solution of problem (1.1). Then we have for any w h ∈ V h0 , K ∈ T h , and
where Q r K is defined as the L 2 -orthogonal projection operator onto P r (K) with any non-negative integer r.
Proof. Estimates (3.3)-(3.5) has been proved in [8] for d = 2. Here we will focus on these a posteriori error estimates for d = 3. We can readily derive (3.3) in three dimensions as in [8] by standard bubble function argument. Next we will prove (3.4)-(3.5) by using bubbles functions in [1] rather than those in [8] .
Let K 1 and K 2 be two elements in T h sharing the common face F . With F , we associate a face bubble function given by (cf. [44, 31] )
where λ K1,i and λ K2,i for i = 1, 2, 3 are barycentric coordinates of K 1 and K 2 associated with three vertices of F , respectively. Suppose the plane face F lying in is governed by n F · x + C 1 = 0 where C 1 is a constant. By direct manipulation, we readily get
And J 1,F is defined by extending the jump J 1,F to ω F constantly along the normal to F . By the inverse inequality, it holds for each
According to standard scaling argument, (3.8) and the fact that φ F = 0 on each edge of K 1 and K 2 ,
Applying integration by parts, (3.8) and (1.2), it follows that
Then from Cauchy-Schwarz inequality, (3.3) and inverse inequality, we get
which together with (3.9) implies (3.4). Let J 2,F := ∂ n F w h | F . And J 2,F is defined by extending the jump J 2,F to ω F constantly along the normal to F . Set
It is easy to check that (3.10)
By standard scaling argument, integration by parts and (1.2), it follows that
Noting that ψ F = 0 on each edge of K again, we obtain
Therefore (3.5) will be achieved from (3.11), (3.10) and (3.3)-(3.4). We also need the enriching operator E h from V h0 to some conforming finite element space V For each w h ∈ V h0 , define E h w h ∈ V C h0 such that for any degree of freedom N located in the interior of Ω,
where T N ⊂ T h denotes the set of simplices sharing the degree of freedom N . By technique used in [8] and the weak continuity of Morley-Wang-Xu element [50] , we have for any w h , v h ∈ V h0 and K ∈ T h (3.12)
(Ω) be the solution of problem (1.1). It holds for any
where osc
Applying integration by parts, we get from (3.12) and the weak continuity of
Using Cauchy-Schwarz inequality and (3.4), it holds
Then we get from (3.13)-(3.14)
On the other hand, it follows from integration by parts
Hence we obtain from (3.13)-(3.14)
Due to (3.5), it follows
Combined with Cauchy-Schwarz inequality and (3.13)-(3.14), we achieve
Making use of Cauchy-Schwarz inequality and (3.14) again, we get
which together with (3.18)-(3.20) implies
Finally we can finish the proof by combining (3.17) and the last inequality. Theorem 3.4. Let u ∈ H 2 0 (Ω) be the solution of problem (1.1), and u h ∈ V h0 be the discrete solution of IPMWX method (3.1). Then we have
Proof. By (3.2) and (3.1) with
Thus it follows
We get from Cauchy-Schwarz inequality, inverse inequality, and (3.15)
Then we acquire from (3.16)
We can end the proof by using the triangle inequality. Let I h be the Morley-Wang-Xu interpolation operator corresponding to the degrees of freedom (2.1). We have the following estimate (cf. [50, Lemma 3])
for any K ∈ T h and v ∈ H s (Ω) with s ≥ 2. By a standard scaling argument and the trace inequality, we also have (cf. [38, (4.4) ] and [52, (3.10) 
Combining Theorem 3.4 and (3.22), we get the following a priori error estimate. Corollary 3.5. Let u ∈ H 2 0 (Ω) be the solution of problem (1.1), and u h ∈ V h0 be the discrete solution of IPMWX method (3.1). Assume u ∈ H s (Ω) with some s > 2, then we have u − u h ε,h (ε + h)h min {s,3}−2 u s + osc h (f ).
Next we consider the influence of the boundary layers. Let u 0 ∈ H 1 0 (Ω) be the solution of the Poisson equation
Assume we have the following regularities (3.25)
The regularities (3.25)-(3.26) have been proved in [38, 30] and (3.27) is well-known [27] when the domain Ω is convex. Theorem 3.6. Let u ∈ H 2 0 (Ω) be the solution of problem (1.1), and u h ∈ V h0 be the discrete solution of IPMWX method (3.1). Assume the regularities (3.25)-(3.27) hold, then we have
Proof. We adopt the similar argument as in [38] . It follows from (3.22) Taking v = u − u 0 in (3.23), we get from (3.25)-(3.27)
By (3.22) and (3.27), it holds
Thus we obtain from the last two inequalities
We can achieve (3.28) by using Theorem 3.4 and (3.30). Then according to the triangle inequality and (3.25)-(3.27), it follows
which together with (3.28) implies (3.29). Remark 3.7. In the case of ε h γ with γ > 1, a better error estimate of u − u h ε,h can be derived if we apply the Nitsche's technique to the IPMWX method (3.1) as in [30] , i.e. impose the boundary condition u = ∂ n u = 0 weakly. To be specific, the modified IPMWX method is to find u
This estimate is optimal if ε h 2(s−1) , even though the exact solution u is not robustly smooth enough with respect to the parameter ε. And it gives a better convergence rate than 0.5 if ε h γ with γ > 1.
Super penalty Morley-Wang-Xu element method.
In this section, we will design another Morley-Wang-Xu element method with penalty for problem (1.1) by applying the super penalty methods in [5, 13] to the Laplace operator. The super penalty method possesses rather simple variational formulation. A similar penalty method for the Laplace operator is the weakly over-penalized symmetric interior penalty method developed in [9, 10] .
Define discrete bilinear form
where 0 < p ≤ 1. The super penalty Morley-Wang-Xu (SPMWX) element method for problem (1.1) is to find u h ∈ V h0 such that
It is apparent that
By (3.15), we also have for any
Proof. Applying integration by parts, it follows
Using the Cauchy-Schwarz inequality, the inverse inequality and the triangle inequality, we have
Combining (3.19)-(3.20) and (4.5)-(4.7), we get
which together with (3.17) implies (4.4). Theorem 4.2. Let u ∈ H 2 0 (Ω) be the solution of problem (1.1), and u h ∈ V h0 be the discrete solution of the SPMWX method (4.1). Then we have
Proof. By (4.2) and (4.1) with v h = u h − w h , and following the line of the proof of Theorem 3.4, we have
Combined with Cauchy-Schwarz inequality, inverse inequality, and (4.3), it holds
Then from (4.4), we have
Using the triangle inequality, we have
(Ω) be the solution of problem (1.1), and u h ∈ V h0 be the discrete solution of the SPMWX method (4.1). Assume u ∈ H s (Ω) with some s > 2, then we have
In particular, if p = 1, then u − u h ε,p,h h min {s,3}−2 u s + osc h (f ).
If p = (s − 1)/2 with s ≤ 3, then
5. Numerical Results. In this section, we will report some numerical results for the IPMWX method (3.1) and the SPMWX method (4.1). Set σ = 5 in the IPMWX method (3.1).
5.1. Example 1. In the first example, let Ω be the unit square (0, 1)
2 , and we use the uniform triangulation T h of Ω. The exact solution is taken as
The right hand side f is computed from (1.1).
The errors u−u h ε,h for different h and ε are shown in Table 5 .1 for the IPMWX method (3.1). We can see that u − u h ε,h = O(h) when ε = O(1), and u − u h ε,h = O(h 2 ) when ε 1, which coincide with Corollary 3.5. The optimal convergence rate of u − u h ε,h when ε 1 for this example is achieved since the exact solution u is robustly smooth enough with respect to the parameter ε. However, such a robust high regularity of u does not hold for a general right hand side f , as indicated by (3.25)-(3.26). We will observe the boundary layers in the next example. Then set p = 1 in the SPMWX method (4.1). The errors u − u h ε,p,h for different h and ε are shown in Table 5 .2 for the SPMWX method (4.1). It can be observed that u − u h ε,p,h = O(h) no matter what value the parameter ε takes, which agrees with Corollary 4.3. 5.2. Example 2. Now we examine the performance of the IPMWX method (3.1) for problem (1.1) with boundary layers on the same domain Ω and uniform triangulation T h as in Example 1. Take the exact solution of the Poisson equation (3.24) to be
Then the right hand term for problems (1.1) and (3.24) is set to be The solution u for problem (1.1) with this right hand term possesses strong boundary layers when ε is very small. The explicit expression of u is unknown. Here we take ε = 10 −6 . Numerical errors u 0 − u h 0 , |u 0 − u h | 1,h and u 0 − u h ε,h are shown in Table 5 .3. It can be observed that the convergence rate of u 0 − u h ε,h is just 0.5, as indicated by (3.29) . We can recover the optimal convergence rates for errors u 0 − u h 0 , |u 0 − u h | 1,h and u 0 − u h ε,h by using the Nitsche's technique as in [30] (see Remark 3.7).
Example 3.
At last, we testify the IPMWX method (3.1) in three dimensions. Let Ω be the unit cube (0, 1) 3 , and take the uniform triangulation. Set u(x 1 , x 2 , x 3 ) = (sin(πx 1 ) sin(πx 2 ) sin(πx 3 )) 2 , and the right hand side f is computed from (1.1).
The errors u−u h ε,h for different h and ε are shown in Table 5 .4 for the IPMWX method (3.1). As indicated by Corollary 3.5, it is numerically shown again that u − u h ε,h = O(h) when ε = O(1), and u − u h ε,h = O(h 2 ) when ε 1. 
